An optimal algo-tech-cuit for the knapsack problem by Andonov, Rumen & Rajopadhye, Sanjay
An optimal algo-tech-cuit for the knapsack problem
Rumen Andonov, Sanjay Rajopadhye
To cite this version:
Rumen Andonov, Sanjay Rajopadhye. An optimal algo-tech-cuit for the knapsack problem.
[Research Report] RR-2169, INRIA. 1994. <inria-00074503>
HAL Id: inria-00074503
https://hal.inria.fr/inria-00074503
Submitted on 24 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de









appor t  

de  r ech er ch e 
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET AUTOMATIQUE
An Optimal Algo-Tech-Cuit for the Knapsack Problem






re´seaux et syste`mes distribue´s
  	










































Unite´ de recherche INRIA Rennes
IRISA, Campus universitaire de Beaulieu, 35042 RENNES Cedex (France)
Te´le´phone : (33) 99 84 71 00 – Te´le´copie : (33) 99 38 38 32
    *ﬀﬂﬁ@ú"!¹%¹	
  Æb!('  'B2,ﬀ


































uva^ ¤ﬂlnmoj\@¤ﬂl~=a7Ui\_EY[a®W\_ssEuvl«h#\_mXlvWZ|r;:=<gq>[=z-¯£¨ﬂ?@ì§ Łìm*h#\ {taﬃr}WZun&a~3ra  qa#=mXl\uvuv£ln
A°CB;D#¸RmXlv^baªz_¤ﬂjEaUoaB1l«rVmXjEaﬂHqE^{ta#U W_ôWZ{Eahpm]r9\_t~1DBlrKmXjEaeh\_st\[hSlvm&§ ¨BjEl«rVl«r9h#\_unuva~E,.F4"G







EW¤O\u«\_UXYZaﬀ{tWH~=ﬃW_/¤BW[Uo¢7WZ(r}H=mXjEarlv·#lnEYr}r}mXWZuvl«hﬀ\UoU]\#r UXWZ^ r}q|hkjﬃa  q|\_molnWZtrp§<gW¤Ba#&a#Uz
¤Barjt\_unu r}a#amoj|\_mﬂWZqUgUXahSqEUXUoa#thpaejt\Zrﬂmoja² W[Uo^\[






































































































sEuna*mojEa*{tarmemoln^bahSWZ^bsuva#Hlvm`\_uvY[WZUXlvmoj^" WZU°x ¸ﬂsEUXWZstW&ra~¹{H£¨Ma#EY{: ¨úat?F@KUoa &qElnUoar=A °CD#¸
sEUXWHhSarorWZUir?BgmXWr}WZun&aemoja¼sUoWZ{uva#^ lvkA° uvWZY-C#°CB;D#¸o¸-molv^`a&§ ¨BjEae qEthSmXlvWZDA °FEú¸/\{¾W&a~=a#WZmoayr
	G
























































































































































 WZU\_unu&ﬀ(' [¢?*)+& 1 D3ﬀ!?,)-' 1B£z ¶tt~/.R°
D3ﬀ!B@¸iz=¤ﬂjEa#UXa




  "O 4  HG,X&I  	&-HGYﬂHIV
Łìmblr¤/a#uvu¢HEW¤ﬂ : ¯£¨ﬂ?Y@mojt\m@~HlÃÈÉa#Uoa=m[\_Uol«\_mXlvWZ|r­W*mXjEa£¢=|\_strX\Zh]¢»sEUoW[{Euva#^ ^ba#UXa#uv










































































RqEU9^bWH~=a#uEW hSW[^bsEqEmi\_mXlvWZlr ¤Ba\¢&a#U}d \¼rErmoW[uvlhBUXlvEYz&¤ﬂjEa#Uoaa\[hkj*sEUXWHhSarXr}WZU/lrKUoa  qElnUoa~
moW`jt\#&a¼W[Euv(\bhSW[tr}mi\_Hmr}ln·#a^ba#^bW[Uo=¤Bajt\#&aWZsEmXlv^7\uRsta#U WZUo^­\_thSaW[£mojEl«r¡^bWH~Ha#uì§½EqEUo¦
moja#Uo^bW[Uoa&z-\¹rW_ m¤ﬂ\Uoa7&a#Uir}lvW[3W_WZqUb\uvYZW[UolnmojE^j|\Zr*&a#Uo£Y[W&WH~ s¾aU} WZUX^7\_|hSa&z9\Zr*Uoas¾W[UomXa~






















































qEt\[h#hSa#sm]\_{uva*° mojEar}a &qEa#Hmol«\_utlv^`sEuva#^a#Hm]\molvW[ﬀmi\_¢&arPB Dr}mXa#str]¸]§9f m¤BW4~=lv^`a#tr}lnWZt\uE&a#Uir}lvW[
¤ﬂ\[r	sEUXWZstW&ra~{Hfgt~=W[EW\_t~;LgUXqt\_q : f(LeHc-@t{EqEm9lnmB\urWﬀjt\[r	stW&WZU/s¾aU} WZUX^7\_|hSa&§Kft~=WZW_


























































sEUXWZ{Euna#^ st\U]\^ba#moaU#§ ¨BjEa#UXaS WZUXagmXjEar}W[uvqEmXlvWZlrKEW[m9moUoquv*rErmoW[uvlh[§R¿ÀRÁHŁ lv^bsEuna#^aSHm]\molvW[trW_
êRêbå#£û Xþ)





























, 	 . %&'ﬃ!n9%Kﬀ!	ﬀ4

xWx w















et°&ﬀ(' d c_¸ 6fet°&ﬀ('E¸#_®°5&ﬀ('E¸ °NZ¸





lvHmoaU]hSW[EEahSmXlvW[trﬂﬁ½EWZUXmoqEt\moa#un&zM¤Ba\ur}W(r}a#amoj|\_mﬃ®°5&ﬀ('E¸ _ p°&ﬀ 'Edºc_¸ 6 p°&ﬀ('¸]§1<ga#thpa&zM\
[\_unqEasUoWH~=qthpa~¹{H\_H£sEUoWHhSayror}W[U#z Mz \_mmolv^`a&z pzMlreUoa &qElnUoa~£{=£sUoWHhSarXr}W[U!¢d"%\mﬀmoln^ba
 d#7§fere\bUoarqEuvmz¾¤/a*^7\#7~=arlvY[\®rErmoW[uvlh\_UXU]\#@mXjt\_mWZsta#Ui\_mXar\Zr¡ W[uvuvW¤rp§ﬀ³9\Zh]j£[\_unqEa









































































































































































































































hSW[^bsEqEmi\_molnWZ`\ZrXr}WHhSl«\_moay~¤ﬂlvmXjmXjEa 'ª¦±mXj7hSWZunqE^b*W mojEa~=a#sta#t~Ha#thS*Y[U]\_sjMz=¤/ag^qtr}mVr}moW[Uoa 
9
êRêbå#£û Xþ)















































 #! ¡HzM¤ﬂjEl«hkjﬃlrﬂmojEa4~=WZ^`lvt\=mmoa#UX^ lv °C>&¸]§¨BjEasEUoW[{Euva#^ÊmXjt\_me¤/a
^qtr}mr}WZun&a&zEh\_7{ta¼ WZUX^qu\_mXa~\ZrB WZuvunW¤rS§
 ' 	 Y4'ﬃ .&"' ﬀ-  
.&	$M	ﬀ!a'ﬃﬁ   ﬂH	ﬀ!ﬂjI\3-".FﬁG 4	$ﬂ4'Y. 4'4I ';Y.









































Q¡ 1  6f e0ﬀ
¤ﬂjEa#UXa  _  Fe
C
\t~ e _e , e
C
§SRqEUﬂsEUXWZ{Euna#^ lrBUoay~=qthSa~moWﬀ¶tt~HlvEY*mXjEae[\_unqEarBW_ ¡3\t~;










r}qE{EayhSmBmXW Q¡ 1  6o e
c 1¡ 1 y9 ﬀ;lvHmoa#Y[a#U
c 1ﬂﬀ lvHmoa#Y[a#U
°oc&? ¸
Łìtr}mXa\Z~WMsEUXWZ{Euna#^Ê°oc&? ¸-¤Ba¤ﬂlvuvuE¶t|~mXjEaea#\ZhSm/rWZuvqmolvW[W lvmir	\sEsEUXW_Hlv^­\_molnWZMz&lx§ a&§W_ mXjEa
sEUXWZ{Euna#^1Y[lv&a#{ta#uvW¤§9fgu«r}W*EW[moaemXjt\_mﬂmXjEaesEUXWZ{Euna#^7r°oc?&¸/\_t~£°XcZc_¸/\Uoaa &qElv[\uva#HmK¤ﬂjEa#7mXjEa
Uoa  qElnUoa#^`a#=mM WZUﬂln=mXa#YZUi\_u ﬀ\_|~ ¡lr	UXa#u\=ay~zErlvthSalvbmXjElr/h#\Zra¼mXjEarWZuvqmolvW[ﬃ\_uv¤\#Er/ro\_mXlrì¶tar















r}qE{EayhSmBmXW Q¡ 1  6o e













¸ 3-7ﬂ2.&J"C	;9%ﬂ('!!J ﬂﬁGY4' .&	 
 	     ﬂ4¢)ﬂ'!"O	'!4 4O
9%K	O}'ﬁ.&J"V
	\	 .m'ﬃ!M ﬂﬁG 9% 





























hy d hW  6»c





















































	  	 .m-X'  ﬂY	9!MI  ﬀ°!°
























































































¥gW[moaemXjt\_m ? ) 1  
9
¡ §9ŁÑHmoqlvmoln&a#uvªz_mXjEaT9³ﬂ´õr	^­\y{ta¼Hlva¤Ba~*\[rB{¾alvEYst\_UXmolvmXlvW[Ea~ln=mXW
	'!C",X' Fﬀ- .!.&' .pzZW[Ea¼ W[Uﬂa\Zh]j7hSW[uvqE^bô§K¨BjEae¶tUir}mﬃT	³ﬂ´µrﬂhSWZtrmolnmoqEmXa¼¿²T¡°Xc_¸§#§§}¿Tﬂ°
' 6c_¸ 
\_|~@¿Tﬂ° 'E¸hpWZtrlr}mirgW_/mXjEaT9³¡´µr# dÄc[§#§#§ d   
9
¡H§K<ga#|hSamojEa*stWZln=mirgmoj|\_m\_UXaﬀ^7\sEsta~
moW£W[qEUT9³ﬂz5 d \_UXaﬃ\_uvu9 UoW[^mojEa/'&¦±mXjhSWZunqE^bM§£¨Bja@r^7\_unuvarm &3\_^`WZEY£mXjEar}a`s¾W[lvHm]rﬀl«r










&ﬁﬀ &ﬁﬀ#d»c §#§#§ &ﬁﬀ#d  §§#§ &ﬁﬀhd ¡>6»c
&ﬁﬀhd  9 &ﬁﬀ#df 9 d c §#§#§ &ﬁﬀ#df 9 d  §§#§ &ﬁﬀhd  9 df¡ 6»c















 #! F¡.ﬀﬃ& _?° *6»c_¸ ¡dﬃﬂ 9 d  ﬀB WZU?1  )a¡ <
<ga#UXa&zﬂ7lr	{tW[qEt~=a~ UXWZ^ \_{tW&ae{H1D 9 §9¨Bjaemoln^baBlntr}mi\_Hm]rB\mB¤ﬂjEl«hkjmojlrBT9³3lr9\[hSmoln&aeh#\
{taWZ{Emi\_lva~ztr}ln^bsEun{HbrqE{trmolvmXqEmolnEYmojEl«rBlv°CU&¸/\_t~ﬃr}WZ^`ar}ln^bsEuvl¬¶Éh#\molvW[MzH\Zr
° Ed ô¸Ł_?2  d Ed»° ,6»c_¸ ¡dﬃﬂ
9
d ¢[? 1e ﬀ#? 1 C)j¡ < °oc&U ¸
¨Bj=q|r¡¤/aﬀra#amojt\mgay\Zh]j@T9³»rm]\_UXm]rﬂlvmirﬂ\ZhSmXlvHlvmb\m 
ﬀ2_d d»° ,6»c_¸ ¡dﬃﬂ
9
d |zt\_t~













½RlvY`*YZlv&ayrBmojEa4hSWH~=aﬀa=ahpqEmoa~b{Hba\[hkj(T	³ ¤ﬂlnmojﬃmojEalv^`sEUoW&a~bhpWZHmoUoW[uì§  b  
hSW[UoUoayr}stWZt~r¼moW7mXjEasUoWZs|\_Y&\molnWZW_¡~E\_mi\=z 	
    zústa#U WZUX^7rgmoja^7\lvhSW[^bsEqEmi\_mXlvWZ









































































































































¤ﬂjEl«hkjlrK\uvlvY[Ea~ﬀ¤ﬂlnmojﬀmXjEaB¶tUir}m9~E\m]\e[\_unqEa&§ <a#thSa&zmojlr hSWZHmoUXWZuE{ElnmK^ba#am]rmoja ±¦ moj~E\m]\e[\_unqEa
\_m/mojEa;±¦ moj`T9³¡zH\t~bh#\b{tagln=mXa#UosEUXa#moay~*\ZrB\;~]ÀRfZ(ﬀhSW[^b^7\t~§M¨BjEaWZuv*sEUXWZ{Euna#^©lrKmoj|\_m










































    ﬂ	 ,-&1"!





















































































_ ? µUQB D7°±W[{Em]\lvEay~  UoW[^ °C>&¸e{H¹una#momXlvEY

























stW&rXr}lv{uvaSd ~=a#moaUo^blnEaﬃ\,mXlv^blnEY@ qEthpmolvW[;\t~Ä\_º\_uvunWHh#\_mXlvW[  qE|hSmolnWZMzr}jW_¤ mojt\m7mojEa# ~=W
EW[m*h#\qtr}aﬃ\@rXhkja~=qEunlvEYﬃhSW[=Åtlhpm#zK\t~3qtr}a`mojEa#^%mXW~=a#mXa#Uo^blnEaﬀmXjEabln=mXa#U]hSW[EEahpmolvW[treW_mXjEa
\_UXU]\#&§;<gW¤/a#&a#U#zÉ{¾ayh#\_qtrabW_mXjEasEUoara#thSa*WmojEa`UoqEE¦ moln^ba*~Ha#sta#t~=a#|hS&zM¤Ba`hSWZqu~¹EW[mﬀqtra












sEUXWZ{Euna#^£zﬂ¤ﬂjElh]j»¤BarWZun&a~ \t\_un=mXlh#\uvun&§ ¨Bjlr7\_sEsUoW&\[hkj?h#\_Ä{ta¹qtra~  WZU7^7\_HUoa#u«\_mXa~
sEUXWZ{Euna#^7rS§Maﬂjt\#&aﬂUoahpa#=mXuvqtra~lnmKmoW~=amoa#UX^blvEa9mXjEaﬂWZsEmXlv^7\uErlv·#aB W[U9lvmoaU]\_mXlvW[r}st\[hSagmXlvunlvEY
°±a  qEln[\_uva=mXuv&zHmojEa*sEUXWZ{Euna#^ÊW_h]jEW&W&rlvEY7moja*st\_Ui\_^ba#mXa#U]r	 W[U\_ ÀRÁ,LT st\UomXlvmolnWZElnEY¤ﬂjEa#\
r}r}mXWZunlhﬀ\uvY[WZUolnmojE^ lrgln^bsEuna#^bap=mXa~WZ\¶tHa~£rlv·#a~ﬃ\_UXU]\#¾¸i§ﬀŁìmhSWZqu~@{ta*qtr}ay~( W[Ur}a#unahSmXlvEY
êRêbå#£û Xþ)
c>  "O 4  HG,X&I  	&-HGYﬂHIV


































: ff(Tﬂ=c4@ § fgt~=W[EWz ¿*§ fguva¢ErX\_t~=UXWz \_|~3fﬀ§WTBa#|\_lvlì§   #	lﬁ'lI.4
J	ﬀ  '4' I %&'
ﬂ*K,-,.&ﬀﬃ/0 ' 3-$ﬃﬀ§7¨úah]jEEl«h#\_uV¡a#stW[Uom#z9Ç9a#Hmoa#UW_Ç9W[^bsEqEmXa#UﬀÁHhplva#thpa\_t~
¨Mah]jEEW[uvWZY[&ztfeh#\[~§lL§TBW[thkja#®Áªm#§vzE{uì§EQUZ\HzúÁ&W¶É\7cZcZc=zWTBquvY&\Uol«\=zcZHcZ§













: f(L=c4@ §9fgt~HWZEW\t~ ½B§SLUXqt\_qM§fÊZ moW[UoW[l~E\uerErmoWZunlh7\_UXU]\#¹ W[UmXjEa7¢=t\stro\[hk¢
sUoWZ{uva#^£§ Łì\ '4	$)ﬂH+.+,G 0 '  $!     ' ﬀ!ﬂH	$9ﬁﬀ-
"'ﬃ . ﬃ 9°CTBW[t\Zrpzt½|Ui\_thpaZ¸]z
ZqEac#ZHcZ§
: f(ZF@ §Éfgt~=W[EW£\_|~£TR§qEln=mXWZM§³-Â­hSlna#=mﬂunlvEay\_Ur}r}moW[uvl«hﬀ\_UXU]\#® W[Uemoja*¢=t\stro\[hk¢
sUoWZ{uva#^£§ﬃŁì 2  0 =     ﬁ  ﬁﬀ-





: f7e[Y@ §tfgt~HWZEWÉzE½B§t\_ln^{t\qEuvmz&\_|~@TR§qEln=mXWZM§+I,	ﬀ(02'ﬁ!' 	E0 '  $!
ﬃ7$4 4C





0 'ﬁ$$!W '4	$ﬂH+.K,G  SM	ﬀ!C	V.pztH°oc¸]z c#Z[=§
:=TBauUVN&@ §XTBa#uvun^7\_M§KIQ,	ﬀm0 'ﬁﬃ ' 	Z§TVUXlvthpa#moW[ gEln&a#U]rlvm`TVUXarorpzMTKUolnthSa#mXWZMz
¥Ezc#QUVNª§
:=T < >Q>Y@ ½/§OTBlnmo·\t~¢<ﬀ§H¨e§.<eqEEYE§9T-\_mojsEu«\_EElnEYﬀW[bmojag¤\_Uos­hSWZ^bsqEmoa#U&[Mqtr}lnEY*\uvlva\_U
rErmoW[uvlh\_UoUi\#®lnﬃ~==|\_^bl«h¡sEUXWZY[U]\_^`^blvEY§ ﬃO	 # #7X"9ﬃ' )ﬂ ¬zU[vcYNy|c>>Hz
c>Q>=§
: ÇﬂÇ/&Q?Y@ L§ <ﬀ§RÇ9jEa#ôzR¯3§¬Át§RÇ9jEaUoMz \_|~3E§<ﬀ§É&\_YE§bTKlns¾auvlva\_U]h]jElnmoahSmXqEUoayr W[U*~=Ht\_^`lh
sUoWZY[U]\^b^blvY*\_unYZW[UolvmXjE^7rp§h0 '  $!P #7X"V
	ZzMcO[vc[cZctcZcFN&z9c#[?H§
: ÇP<7>Q>Y@ Ç9¦Át§Ç9jHqEEYzt¯3§¾Át§<gqEYEzt\t~bO§Rﬀ§¡W[^£§Kf;jt\U]~b¢Ht\_strX\Zh]¢bsEUXWZ{Euna#^£§  n
  .Fﬁ' ﬀ!ﬂ  ﬃ 	 .4C	ﬀﬃ.pzU[>UHQ>=zKc>>H§
: Ç9jHH>?Y@ ¿4§	Ç9jHZ\m]\uì§<\_U]~3¢Ht\_s|ro\Zh]¢3sEUXWZ{Euna#^7rp§j4' 
	V. ( .Fﬁ'ﬁﬀﬃﬂHzKQ>O[ncS?[|cSEc&c[z
c>Q?=§
: Ç/&[Y@ L§ <ﬀ§Ç9jEa#(\_t~ﬃE§<ﬀ§t&\EYE§fg7lv^`sEUoW&a~s|\_U]\uvuna#u \_unYZWZUXlvmXjE^  WZU?	&c¢=t\stro\[hk¢
sUoWZ{uva#^£§#0 ' $ !# #7X"V
	Zz c>[>HcZcV>ZHcZzKcZZH§
:MLa#Ui=c4@ ¨e§[³ﬂ§OLa#U]\[roh]jM§ f st\_Ui\_unuva#uH\sEsEUoWHlv^7\molnWZ*\uvY[WZUolnmojE^; W[U#?	ªc¡¢Ht\stro\[hk¢É§KŁì 0 'ﬁYﬀ 
ﬃO4'-HC	,P #ﬃ%F4'!4,ﬀ-K 0 '  $!0 ' Fﬀ- .!.&	QZzEst\_Y[ar?ZHQ?Z=z-c#ZHcZ§




ﬂﬁ'4I9%  70P! #7 !9ﬃl .!.p§ﬂ½EUoaa#^7\_ôz|Á \_£½EUi\_thSl«rohSWzcVNH§
êRêbå#£û Xþ)
?  "O 4  HG,X&I  	&-HGYﬂHIV
:ML;<¨7NF@ ÀK§yLgqlv{t\[rSzW<ﬀ§É¨e§5<eqEEYzM\_|~,Ç9u«\_Uo¢Zﬀ§ô¨BjEWZ^bs|r}WZô§ ZglvUXahSm¿ÀRÁHŁﬂlv^bsEuna#^aSHm]\¦
mXlvW[3W_hSW[^{lvt\moWZUXl\uB\uvY[WZUolnmojE^­rS§7Łìa0 ' Fﬀ   #ﬃ%Fﬃ'ﬃ4,ﬀ-   l4'4I y' Xﬀ!$
ﬃO}' 
	 \ ' ﬀﬃﬂH	$ﬁﬀ-
"O'!? m .&	,G W3&'-	ﬀ!
	=zBst\YZar U?ZU[U=z&\_Hqt\_UX
cVNy=§
:ML¥+NyY@ §Le\U}¶t¢&a#ut\_|~ L§&¥ga^bjt\_q|r}a#U§ 4O}O4'S0 ' !'ﬁ	Z§MZW[jE»lnuva#\t~Á&WZ|rSz
cVNy=§





:=<q>ZF@ ¨e§MÇ§X<gqM§ #3	HC'4	   '-	$ﬂH+.p§fe~E~=l«r}W[E¦±aruva#7TKqE{uvlrjElvY®Ç9W[^bst\_H&z
c>[=§
: &½Ł>>Y@ E§µ¯3§ﬂ&\_|r}a#º\_t~Ä½B§µ¯3§ÃÁ&l Xr}moaUo^7\trS§OTK\U]\uvuvaug{EUi\_th]jE¦x\_t~H¦±{tWZqt~O\_uvY[WZUXlvmoj^7rS§
 "C"'ﬃ (4l4'ﬁC	 #7X"9ﬃ';lI.44+.pz¾H[õN&c VNy=zKc>>H§
: ÀMÀW>[Y@ §HE§EÀlnsEmoW[@\t~¢Zﬀ§ÀWZsEUXar}mXlì§#Zgauvm]\moUi\_trì WZUo^­\_molnWZbmXW*r=^bsuvlÃ ¿ÀRÁ ŁVsUoWHhSar¦
rWZU9\UoUi\yrR WZU9ra#Uol«\_u~=Ht\_^bl«hKsEUoW[YZU]\^b^blnEYE§ Łì 0 ' Fﬀ  ﬃO9ﬃ'-,
	,y #ﬃ%F4'!4,ﬀ-
 0 'ﬁ$$!0 'ﬁYﬀ-ﬁ.!.&	ZzEst\YZar=cFN H[?HzKc#Q>Z=§
: ÀRÁV>_@ ¨Ma#EY[¦C<¤ﬂ\_Y7ÀM\_l9\t~3ÁH\_UXm]\_ÁH\jEElì§fgEW[^7\_unlvarBln@st\U]\_unuva#u {EUi\_th]jE¦x\_t~=¦ {tWZqE|~
\uvY[WZUolnmojE^­rS§(  K (ztVNª°ì ¸izMc#Q>_E§
: ÀRÁ =c-@ E§HÀlnb\t~E§Hfﬀ§HÁ&moW[Uoa#U§KTKUoWHhSayror}W[Uo¦ aSÂ­hSlva#HmKjH=sta#UihSqE{ta\_uvY[WZUXlvmoj^  WZU/mojEaﬂ¢Ht\sE¦
rX\Zh]¢bsEUXWZ{Euna#^£§	  9%+0 'ﬁ$$!yHG +	 .4C'4	3"9ﬁGk #7X"
	Zz c#O[µZ[H[VNªz	cZHcZ§
: ÀRÁÁ>>F@ E§Àa#a&z³ﬂ§gÁ&jEUi\_YZW¤ﬂlnmo·&z\_t~;Át§gÁH\jEElx§ fjH=sta#UihSqE{ta\_unYZW[UolvmXjE^  W[U7mojEa{?
&c
¢Ht\stro\[hk¢»sEUXWZ{Euna#^7rp§ 	  9%02'ﬁ$$8 ,G K	 .4
'-	3&"VﬁG  #7X"C	QZz UO[ &>& UZ=z
c>Q>=§
: ÀZ>QUY@ L§ Àl/\_t~{Te§O§M \_jM§bÁ&r}mXWZuvl«hsUoWHhSarXr}lnEYb WZU~=Ht\_^bl«hﬀsEUoW[YZUi\_^b^blnEYsEUoW[{E¦
una#^7rp§Łìa0 'ﬁYﬀ  494'4,
	,( #!%F4'ﬃ4Hﬀ-; 0 '  $!#02'ﬁFﬀ- .!.&	Zz st\_Y[ar¼ª_ 
[Ec[zRc>UH§




Ui\#Erp§bŁì ﬃO4'-HC	, 0 '  $! 0 ' Fﬀ- .!.&	 XI7HY.&	"ﬀzst\_Y[arﬀN |c?VNªzBŁ³9³9³ﬂz
¥a#¤ﬂstWZUomTBay\Zh]jMz¾Ç/fﬀztfsEUolnuKc#[ZH§






: ¯@&Wª=c4@ E§µ½B§M¯@&W[qEstWE§*f  qEunuvﬃsElvsta#unlvEa~ﬃr}W[uvqEmXlvWZ|r¼hpWZtrmoUoq|hSmoW[U² W[U~==|\_^bl«h¼sEUXWZYZUi\_^b¦
^`lvEY£sEUXWZ{Euna#^7rp§ Łì G,ﬀ-ﬁ.{	 #7X"C	
 
F 2    ﬃE0 ' Fﬀ  ﬃO4' m #ﬃ% 
 #7X" 4ﬃ%&'4 ¬z¾ÁªsEUolnEYZa#UX¦±¿9a#UXu\YEzcZHcZ§/ÀahSmoqUoa¥gW[moarBln@Ç9WZ^`sEqEmoaUgÁHhSlna#thSa
ªVNª§
:M>ZF@ T §qElvHmoW[@\t~4§EﬂWZ{ta#Uom§S '4	$)ﬂH ﬁ. 82' ﬀ!ﬂH	$9ﬁﬀ-





: ½KQ?Y@ Á|§B¿*§/g\_W[st\Z~Hj=&a\t~»¼§¯3§B½EqZln^bWZmXWE§ Áª=HmojEayr}lv·lvEY r}r}mXWZuvl«h@\UoU]\#r UoWZ^
UXahSqEUXUoa#|hSaea &qt\_mXlvW[trS§S0 '  $!P #7X"V
	ZzMcp,[nc#Ztc&>Z=z ZqEacZQ?=§
: M¿ >@ Ł]§&¿*§&\_^­\_¢HUolrjEt\b\t~bTR§HE§&¿/\_UX^7\_M§yZgHt\^blhBsEUXWZY[U]\_^`^blvEY²\_t~mXU]\tr}lnmolv&a
hpuvW&rqEUoaWZuvlnEa\_UsElns¾auvlvarS§Łì 4O4'4,
	,2 #ﬃ%F4'!4,ﬀ-m 0 '  $!0 ' Fﬀ- .!.4
	QZzúÁªm#§¾Ç9j|\_UounarSztŁìuxzEfgqEY[qtr}mc#Q>_§
: ¨Ma#tQ?Y@ Á|§R¨Ma#EY§@f~E\_sEmXlv&a*st\U]\uvuvauB\uvY[WZUolnmojE^ W[Uﬀln=mXa#YZUi\_u9¢=|\_strX\Zh]¢£sEUoW[{Euva#^­rS§ 	 P9%


































































































































p°5&ﬀ('E¸ d#_ p°5& @ﬀ('n¸(_1&djet°&@ﬀ('v¸(_ &Od e¾°5&ﬀ('E¸yd" ¨Bj=qtrpz & _ &v§bÁ&lnthSa*{H@WZqU


















































































































hyhd hW  6»c_¸ e















H°C y df W  6»c¸ e
C








































Unite´ de recherche INRIA Lorraine, Technoˆpole de Nancy-Brabois, Campus scientifique,
615 rue de Jardin Botanique, BP 101, 54600 VILLERS L `ES NANCY
Unite´ de recherche INRIA Rennes, IRISA, Campus universitaire de Beaulieu, 35042 RENNES Cedex
Unite´ de recherche INRIA Rhoˆne-Alpes, 46 avenue Fe´lix Viallet, 38031 GRENOBLE Cedex 1
Unite´ de recherche INRIA Rocquencourt, Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex
Unite´ de recherche INRIA Sophia-Antipolis, 2004 route des Lucioles, BP 93, 06902 SOPHIA-ANTIPOLIS Cedex
´Editeur
INRIA, Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex (France)
ISSN 0249-6399
